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Abstract. For the twisted torus knot K(p, q; r, s), the closure of δ q
p δ

rs
r

with 0 < q < p, gcd(p, q) = 1, 2 ≤ r < p and s ̸= 0, we give a
closed formula for the degree (highest minus lowest exponent) of the
Alexander polynomial, valid for every s. It is expressed through the
degree sequence (dm) of our earlier paper on the leading coefficient:
deg∆ = 2maxm(dm +mrs)− (q+1)(p−1)− (r−1)rs. For s < 0, Park
and Adnan determined it in two regimes. The highest exponent comes
from the earlier paper, whose two theorems used here are re-proved in an
appendix; the lowest follows from the symmetry of ∆, whose exact centre
is fixed by the exponent sum of the braid. This note is a companion to
that paper and closes the question its Remark 9 leaves open.

1. Result

Let p > r ≥ 2, 0 < q < p, gcd(p, q) = 1, s ∈ Z \ {0}, and let K =
K(p, q; r, s) be the closure of

β = δ qp δ rsr ∈ Bp, δk = σ1σ2 · · ·σk−1.

Since δ rr is a pure braid and gcd(p, q) = 1, the closure is a knot. For
a Laurent polynomial f write top f and bot f for its highest and lowest
exponent, and deg f := top f − bot f . This is the convention of Park and
Adnan [PA25]: “the degree of the Alexander polynomial of a knot (defined
as the difference between the highest power and the lowest power of the
polynomial)”. It is invariant under multiplication by units ±tk.

Let (dm)0≤m≤r−1 be the degree sequence of [St26, Theorem 6]:
dm = q(p− 1)− (r − 1) + max

0≤v≤p−1

(
v − p wr−1−m(v)

)
,

where wj(v) := bxn/pc for the integers xn = v + nq and the step n ≥ 0
at which xn, read modulo p, lies in W = {0, 1, . . . , r − 1} for the (j + 1)-st
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time (every term in W counts, also consecutive ones), the term x0 = v itself
counting if v ∈ W (so w0(v) = 0 for v ∈ W ). Thus wj(v) counts how of-
ten the sequence wraps modulo p up to that entry, reaching a multiple of p
counting as a wrap; this is the convention of [St26]. By [St26, Theorems 5, 6]
(re-proved in Appendix A), dm + r − 1 is the highest exponent of the poly-
nomial γm [r]t, where [k]t = 1+ t+ · · ·+ tk−1 and the γm (rational functions
of t in general) are recalled in Section 3. Let e := q(p − 1) + (r − 1)rs be
the exponent sum of β.

Theorem 1. For every s 6= 0,
deg∆K(p,q;r,s) = 2 max

0≤m≤r−1

(
dm +mr s

)
− (q + 1)(p− 1) − (r − 1) r s.

The right-hand side is integer arithmetic in O(pr) steps; no polynomial is
formed.

Remark 2 (What was known). Park and Adnan [PA25] give a closed formula
for ∆K(p,q;r,s) and determine its degree for s > 0 [PA25, Prop. 11]; for s < 0
they determine it when |rs| < q [PA25, Prop. 12] and in an extreme sub-
case of large |rs| [PA25, Prop. 13], and write that for s < 0 describing the
degree “becomes challenging”. (Proposition, theorem and section numbers
of [PA25] and [AP26] refer to the arXiv versions v3 and v1; in the journal
version of [AP26] they are the same, and we have not read the journal
version of [PA25].) Theorem 1 gives one closed formula for every s 6= 0.
What it adds for s < 0 is the range covered by neither Proposition 12 nor
Proposition 13: in the box p < 31, −40 ≤ s ≤ −1 that is 34 627 of 201 840
admissible cases (17.2%; this count includes r = 2, see below); on the cases
covered by Proposition 13 in that box the two formulas agree. For s > 0 and
for r|s| < q (Propositions 11 and 12) Section 4 compares Theorem 1 with
SageMath (160 and 33 cases), not with the formulas of [PA25]. For r = 2
the degree is accessible in principle from Morton’s closed formula [Mo06];
we make no claim of novelty for r = 2. Adnan and Park [AP26] give the
degree for two of their non-monic families [AP26, Thms. 1.1, 1.3]; on those
families Theorem 1 agrees with their degrees (Section 4).

Remark 3 (Relation to the companion paper). In [St26] the leading coeffi-
cient of ∆ is determined; Remark 9 there explains that this fixes only the top
of the Newton polygon, that the degree needs the bottom as well, and that
this question remains open. Theorem 1 closes it. The bottom is not read off
from a law for the valuations of the γm: it follows from the top through the
symmetry of ∆ with its exact centre (Lemma 8). This technique is not new:
Kang, Matsusaka and Park determine the degree for Lorenz knots in the
same way [KMP25, Cor. 6.12], and Adnan and Park use the symmetry of ∆
to read the leading coefficient off the lowest term for their families [AP26,
§3]. The new input is the top for every s, from [St26].

Remark 4 (Bryant’s formula). After version 4 of this note, Bryant [Bry26]
computed ∆ by Dehn surgery for all 1 < q < p, 1 ≤ r ≤ p − 1 and s ∈ Z,
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with the same braid convention as ours. His Theorem 1.4 gives the span
(our deg) for every s:

deg∆ = 2max
k,i

E(k, i)− (p− 1)q − (r − 1)(1 + rs)− (p+ r − 2),

where E(k, i) = kq + i + rsNi(k), with 0 ≤ k ≤ p − 1, 0 ≤ i ≤ r − 1 and
Ni(k) = #{1 ≤ m′ ≤ k : (m′q + i) mod p < r}. For 1 < q < p his range
contains that of Theorem 1, and as both are proved, the two formulas agree.
One also sees it directly. Grouping the pairs (k, i) by m = Ni(k) turns the
numerator of [Bry26, Thm. 1.3] into the multiset law of [St26, Theorem 5] up
to a common factor te (see the Introduction of version 6 of [St26], where e = 0
is checked by machine for p ≤ 60). Then the largest kq+i with Ni(k) = m is
dm+r−1+e, so maxE = maxm(dm+mrs)+r−1+e, and his formula becomes
the right-hand side of Theorem 1 plus 2e; hence e = 0. As integer formulas
the two agree on all 371 200 cases with p ≤ 30, 1 < q < p, gcd(p, q) = 1, 2 ≤
r < p and 0 < |s| ≤ 40 (bryant/bryant_degree_check.py; the comparison
fails, as it must, when s is replaced by −s in his formula and when wr−1−m
is replaced by wm in ours). We use nothing from [Bry26].

Remark 5 (Genus). As Park and Adnan use in [PA25], half the degree of the
Alexander polynomial is a lower bound for the genus; they state it for s > 0
or r|s| < q, with equality for s > 0 [PA25, Thm. 2]. Theorem 1 extends the
explicit bound g(K) ≥ maxm(dm +mrs)− 1

2

(
(q + 1)(p− 1) + (r − 1)rs

)
to

every s. We claim nothing about sharpness for s < 0.

2. Burau conventions

All matrices are over Q(t); we use B(στ) = B(σ)B(τ). (With the oppo-
site convention the statements below hold with anti-homomorphisms; in the
twist paragraph of Step 3 the matrix T is then the product in reverse order,
which has the same r-th power.)

Unreduced. β̄(σj) acts on Q(t)p with basis e0, . . . , ep−1 as the identity
except for the block

(
1−t t
1 0

)
on (ej−1, ej). This is the convention of Kang–

Matsusaka–Park [KMP25, Def. 6.1]. Put ω = (1, t, . . . , tp−1) (a row) and
1 = (1, . . . , 1)T.

Reduced, convention S. Si := S(σi) is the (p−1)× (p−1) identity except
row i, which has t in column i − 1, −t in column i and 1 in column i + 1
(entries outside the matrix are dropped). This is the reduced Burau matrix
of Birman: [Bir74, (3-26)] with the last row and column deleted [Bir74,
p. 122].

Reduced, convention G. G1 is the identity with first column (−t, . . . ,−t)T;
for i ≥ 2, Gi is the identity except the block

(
1−t t
1 0

)
on rows and columns

i−1, i (rows and columns numbered from 1). This is the matrix returned by
SageMath’s method burau_matrix with reduced=True, which [St26] uses.
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Lemma 6 (Unitarity; classical, see the proof of [KMP25, Lemma 6.5]). Let
Ω = I + (1− t)L with L the strictly lower triangular all-ones p× p matrix.
Then β̄(σ)|t→1/t = Ω β̄(σ−1)TΩ−1 for all σ ∈ Bp.
Proof. Kang, Matsusaka and Park use this identity with the same Ω and
refer to Kassel–Turaev, Braid Groups, Theorem 3.1, which we have not
consulted; the following proof is self-contained. Both sides are homomor-
phisms Bp → GLp(Q(t)) (the right side reverses the order twice), so it
suffices to check generators, i.e. XΩ = ΩC with X := β̄(σj)(1/t) and
C := (β̄(σj)

−1)T. Write a = j − 1, b = j. Then X = I + xyT with
x = eb−ea/t, y = ea−eb, and C = I+x′y′T with x′ = eb−ea, y′ = ea−eb/t.
We need x(ΩTy)T = (Ωx′)y′T. Since (LTy)k =

∑
i>k yi is −1 at k = a and 0

elsewhere, ΩTy = y− (1− t)ea = t y′. Since (Lx′)i =
∑

k<i x
′
k is −1 at i = b

and 0 elsewhere, Ωx′ = x′ − (1− t)eb = t x. Both sides equal t xy′T. □
Lemma 7 (Restriction). ωβ̄(σ) = ω and β̄(σ)1 = 1 for all σ; hence Q(t)p =
kerω⊕Q(t)1 with both summands invariant. Let R(σ) := β̄(σ)|kerω. In the
basis vk = tek − ek+1 (0 ≤ k ≤ p − 2) of kerω, R(σj) = DSjD

−1 with
D = diag(t−k). In particular, for every σ,

det
(
λI − β̄(σ)

)
= (λ− 1) det

(
λI −R(σ)

)
,

Λ(σ) := lim
λ→1

det(λI − β̄(σ))

λ− 1
= det

(
I − S(σ)

)
.

Proof. In β̄(σj) column a gives ta(1−t)+tb = ta and column b gives ta ·t = tb,
so ωβ̄ = ω; rows a, b sum to 1, so β̄1 = 1; and ω1 = [p]t 6= 0. Under β̄(σj):
va 7→ t((1−t)ea+eb)−tea = −tva, va−1 7→ tea−1−(1−t)ea−eb = va−1+va,
vb 7→ t2ea−eb+1 = tva+vb, and every other vk is fixed. So Rj is the identity
except row a, which is (1,−t, t) in columns (a−1, a, b); this is DSjD

−1 (with
0-based row a = j − 1 of R corresponding to row j of S). □
Lemma 8 (Symmetry with exact centre; cf. [KMP25, Lemma 6.5], stated
there for knot closures). Let σ ∈ Bp have exponent sum ϵ and put Φσ :=
Λ(σ)/[p]t. Then

Φσ(1/t) = (−t)−ϵ+p−1Φσ(t).

Proof. The proof follows [KMP25, Lemma 6.5]; we include it because the
exponent is what we use. By Lemma 6, det(λI − β̄(σ))|t→1/t = det(λI −
β̄(σ)−1) = det β̄(σ)−1 det(λβ̄(σ) − I). Here det β̄(σ) = (−t)ϵ and det(λβ̄ −
I) = (−λ)p det(λ−1I−β̄). Divide by λ−1 and let λ → 1; since (λ−1−1)/(λ−
1) → −1, this gives Λ(1/t) = (−1)p+1(−t)−ϵΛ(t). With [p]1/t = t−(p−1)[p]t
we get Φ(1/t) = (−1)p+1(−t)−ϵtp−1Φ(t) = (−t)−ϵ+p−1Φ(t). □
Lemma 9 (Intertwiner S ↔ G). Let n = p−1, fk = ek−ek+1 (0 ≤ k ≤ n−1,
en := 0), and let P be the n × n matrix with rows ρk = tne0 + tn−1−kfk.
Then PSi = GiP for all i, and detP = tn(n−1)/2[p]t 6= 0. Hence S and G
are conjugate, and every polynomial expression in the images of braids has
the same determinant in both conventions.
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Proof. For a row vector v, vSi = v+ vc g with c = i− 1 and g = tec−1− (t+
1)ec + ec+1. For i = 1: vS1 = v + v0(−(t+ 1)e0 + e1); row 0 of G1P is −tρ0
and row k ≥ 1 is ρk− tρ0, and expanding with (ρk)0 = tn+ tn−1[k = 0] gives
PS1 = G1P . For i ≥ 2: g = tfc−1 − fc and (ρk)c = [k = c] tn−1−c − [k =
c − 1] tn−c, hence ρcSi = ρc−1, ρc−1Si = tne0 + (1 − t)tn−cfc−1 + tn−cfc =
(1− t)ρc−1 + tρc, and all other rows are unchanged; this is the action of Gi

on rows c−1, c. In the basis (fk), P = tn11T+diag(tn−1−k), and the matrix
determinant lemma gives detP = tn(n−1)/2[p]t. □

3. Proof of Theorem 1

Put Φ := det(I−S(β))/[p]t. Theorems 5 and 6 of [St26], on which Step 3
rests, are re-proved in Appendix A; everything else is proved here or cited
from [Bir74].
Step 1 (Φ is the Alexander polynomial up to a unit). By Burau’s
theorem in the form of Birman [Bir74, Thm. 3.11, (3-28)], [p]t ∇̃β(t) =

det
(
‖β‖ψr − Id

)
with ‖β‖ψr the reduced Burau matrix of Birman (conven-

tion S, Section 2), and ∇̃β the Alexander polynomial of the knot β̂ [Bir74,
p. 120, footnote 7]. (In the form ∆ = det(I − βrn(σ))/[n]t, with their
reduced representation βrn, the same statement is [KMP25, Def. 6.2, Re-
mark 6.3].) Since det(B − I) = ± det(I − B) and deg is invariant under
units, deg∆K = topΦ− botΦ.
Step 2 (topΦ+botΦ = e− p+1). By Lemma 7, Φ = Λ(β)/[p]t exactly, so
Lemma 8 gives Φ(1/t) = (−t)−e+p−1Φ(t). The highest exponent on the left
is − botΦ, on the right topΦ− e+ p− 1. Hence topΦ + botΦ = e− p+ 1.
Step 3 (topΦ = maxm(dm + mrs) − (p − 1)). Work in convention G;
by Lemma 9, det(I − S(β)) = det(I − G(β)). As in [St26, §§2, 4] put
M = G(δ qp ), N = G(δ rr ), Q = (N − I)/(tr − 1) and P = I −Q, and let γm
be the coefficients of

det
(
I −M(P + uQ)

)
=

r−1∑
m=0

γm(t)u
m (this does not involve s);

this is detM · det(M−1 − P − uQ), the determinant of [St26, (⋆), §4].
The twist. The unreduced full twist on the first r strands, N̄ := β̄(δ rr ),

is N̄ = P̄ + trQ̄ with P̄ = 1rωr/[r]t ⊕ Ip−r and Q̄ = (Ir − 1rωr/[r]t) ⊕ 0,
where ωr,1r are the first r coordinates of ω,1. (This is stated without
proof in [St26, §4, Step 2]; here is one.) Since β̄(σj) for j ≤ r − 1 is the
corresponding matrix of Br direct sum Ip−r, it suffices to treat p = r. By
induction on r, using δr = δr−1σr−1, the matrix T := β̄(δr) has first row(
1 − t, t(1 − t), . . . , tr−2(1 − t), tr−1

)
, ones on the subdiagonal and zeros

elsewhere. For such a matrix with first row (c0, . . . , cr−1) the characteristic
polynomial is λr−c0λ

r−1−· · ·−cr−1, here λr−(1−t)
∑r−1

k=1 t
k−1λr−k−tr−1 =

(λ − 1)
∑r−1

k=0 t
kλr−1−k = (λ − 1)(λr − tr)/(λ − t). By Lemma 7 applied

to Br, T1r = 1r, kerωr is an invariant complement of Q(t)1r, and the
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characteristic polynomial of T on kerωr is g(λ) = (λr − tr)/(λ − t). Since
(λ− t)g(λ) = λr− tr, the Cayley–Hamilton theorem gives T r = tr on kerωr.
Hence N̄ = T r = 1rωr/[r]t + tr(Ir − 1rωr/[r]t), the projection onto Q(t)1r
along kerωr being 1rωr/[r]t. Since ωr1r = [r]t, 1rωr/[r]t is idempotent, so
P̄ and Q̄ are complementary idempotents, (P̄ + trQ̄)(P̄ + t−rQ̄) = I, and

N̄ s = P̄ + trsQ̄ for all s ∈ Z.
Q̄ = (N̄ − I)/(tr − 1) is a polynomial in N̄ , so all three restrict to kerω; by
Lemmas 7 and 9 the restrictions are conjugate, by one fixed matrix, to N ,
Q, P. Hence N s = P + trsQ and

det
(
I −G(β)

)
= det

(
I −MN s

)
=

∑
m

γm(t) t
mrs,

the image of
∑

m γmu
m under u 7→ trs, with no unit.

No cancellation at the top. By [St26, Theorem 5] (Theorem 10 in Ap-
pendix A, proved there for the γm as normalised above, with no sign and
no unit), γm[r]t is a sum of p monomials, all with coefficient +1. There-
fore [r]t det(I −G(β)) =

∑
m γm[r]t t

mrs has only positive coefficients, noth-
ing cancels, and its highest exponent is maxm(dm + r − 1 + mrs), since
dm + r − 1 is the highest exponent of γm[r]t. Since [r]t is monic of degree
r − 1, top det(I −G(β)) = maxm(dm +mrs). The division by [p]t (bottom
0, top p− 1) is exact by Step 1, hence topΦ = maxm(dm +mrs)− (p− 1).
Step 4 (assembly).

deg∆K = topΦ− botΦ = 2 topΦ− (e− p+ 1)

= 2max
m

(dm +mrs)− (q + 1)(p− 1)− (r − 1)rs. □

4. Checks

The proof above does not depend on them; they guard the conventions
and the arithmetic.
• Against SageMath’s Alexander polynomial (Seifert-matrix computation,

independent of the Burau route), 3 ≤ p ≤ 8, s ∈ [−6,−1] ∪ {1, 2}, all
admissible q, r: 640/640 in agreement (447 with s < 0, r|s| ≥ q; 33 with
s < 0, r|s| < q; 160 with s > 0). Dropping the term −(r − 1)rs fails in
all 640 cases.

• Against knot Floer homology: among the 32 009 parameter quadruples
(p, q; r, s) with 3 ≤ p ≤ 14, 2 ≤ q < p, gcd(p, q) = 1, 2 ≤ r < p, s < 0 and
at most 800 crossings in the standard braid diagram, for the 27 527 that
our run evaluated (|s| up to 398), the degree of the graded Euler char-
acteristic of ĤFK, computed with Z. Szabó’s program through SnapPy,
equals Theorem 1 in every case. The other 4 482 were not evaluated: the
program rejects 3 037 diagrams (“Girth number exceeds 20”), the worker
process ended without a result on 1 320, and the time limit of two hours
was hit on 125 (each case ran under a 3GB memory cap, with up to
24 cases in parallel; one of the ended cases, re-run alone, finished and
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agreed). Their braid diagrams have 89 to 800 crossings (median 493; for
the evaluated cases 421), so the unevaluated cases lean towards larger
diagrams. The run was restricted to q ≥ 2; the SageMath comparison
above contains 168 cases with q = 1.

• Against the families of [AP26]: Thm. 1.1, K(r|s|, r|s|−1; r, s) with r, |s| =
2, . . . , 14 (169/169, up to p = 196), and Thm. 1.3, K(6n− 1, 2n; 3n,−1)
with n = 1, . . . , 29 (29/29, up to p = 173); both theorems state the
degree.

• Step 3 exactly in Q(t), p ≤ 7, all q, r, s ∈ [−5, 3] \ {0}: N s = P + trsQ,
det(I−G(β)) =

∑
m γmt

mrs and the top exponent, 0 failures in 448 cases
each; a non-idempotent countercase fails.

• Lemmas: Lemma 6 on every generator for p ≤ 20, Lemma 7 for p ≤ 15,
the intertwining relation of Lemma 9 in closed form for p ≤ 30, its
determinant for p ≤ 16, and against SageMath’s matrices for p ≤ 8;
deliberately wrong variants (Ω with 1 + t, D = diag(tk)) fail.

• Appendix A: every displayed identity of A1–A7, with the notation as
printed, at random complex points for all 284 admissible triples (p, q, r)
with p ≤ 12: 0 failures; flipping the sign of E in ξ3 fails in all 284.
Theorem 10 exactly in Q(t) for p ≤ 6, all q, r, against det(I−M(P+uQ)).

The scripts and their outputs are deposited with this note.

Appendix A. Proof of Theorems 5 and 6 of [St26]

In [St26, §4] the proof of Theorem 5 is given as an outline. Since Step 3
rests on it, we write it out here in full. We keep the conventions of Section 2
and of Step 3: β̄ is the unreduced Burau representation, A := β̄(δp), M =
G(δ qp ), N = G(δ rr ), Q = (N − I)/(tr − 1), P = I − Q, and

∑
m γmu

m =
det(I −M(P +uQ)). Matrices act on columns; ω and the other row vectors
act from the left. Let JW be the diagonal projection onto the coordinates
W = {0, . . . , r − 1}, ωW := ωJW (this is ωr of Step 3 padded by zeros to
length p), 1W := JW1, Θ := [r]t, Π := [p]t and τ := 1 − t−q. We work
over the field Q(t, u), and in A5 inside the field Q(t)((y)) of Laurent series
in y := u−1, which contains Q(t, u).

Theorem 10 ([St26, Theorems 5 and 6]). For 0 ≤ m ≤ r − 1 and j =
r − 1−m,

γm [r]t =

p−1∑
v=0

t q(p−1)+v−pwj(v).

The p exponents on the right are pairwise distinct; hence γm[r]t is a sum of p
distinct monomials with coefficient +1, and its highest exponent is dm+r−1
with dm as in Section 1.

A1 (inverse powers). Let Σ be the matrix with Σek = ek−1 for k ≥ 1 and
Σe0 = t−pep−1, and put χ := (t − 1)t−p. Then ωΣ = t−1ω, ωep−1 = tp−1,
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and for every n ≥ 1

A−n = Σn + χhn ω, hn :=

n−1∑
k=0

Σkep−1.

Proof. Bi := β̄(σ−1
i ) sends ei−1 7→ t−1ei and ei 7→ ei−1+(1−t−1)ei and fixes

the other ek; and A−1 = Bp−1 · · ·B1. By induction on k, Ck := Bk · · ·B1

satisfies Cke0 = t−kek, Ckei = ei−1 + (t − 1)t i−1−kek for 1 ≤ i ≤ k, and
Ckei = ei for i > k. For k = p− 1 this says A−1e0 = t1−pep−1 and A−1ei =
ei−1 + (t − 1)t i−pep−1, i.e. A−1 = Σ + χep−1ω (column 0: t−p + χ = t1−p);
this is the claim for n = 1, and ωχh1 = 1− t−1. If A−n = Σn + χhnω with
ωχhn = 1 − t−n, then A−n−1 = Σn+1 +

(
Σχhn + χ(t−n + ωχhn)ep−1

)
ω =

Σn+1 + χ(Σhn + ep−1)ω = Σn+1 + χhn+1ω, and ωχhn+1 = t−1(1 − t−n) +
(1− t−1) = 1− t−n−1. □
A2 (the pencil). By Step 3, P̄ +uQ̄ = Du+ ν 1WωW with Du := I+(u−
1)JW and ν := (1− u)/Θ. With A1 for n = q,

T (u) := A−q − P̄ − uQ̄ = Ξ+ χhq ω − ν 1WωW , Ξ := Σq −Du.

Since ωA−q = ω, ωP̄ = ω, ωQ̄ = 0, P̄1 = 1 and Q̄1 = 0, we have ωT = 0
and T 1 = 0. So T maps Q(t, u)p into kerω and kills 1; in the decomposition
kerω ⊕Q(t, u)1 (Lemma 7) the matrix T + z1ω, for an indeterminate z, is
block diagonal with blocks T |kerω and zΠ. By Lemmas 7 and 9 (as in Step 3),
T |kerω is conjugate to M−1−P−uQ. Hence, for DB := det(M−1−P−uQ),

zΠDB = det
(
T + z1ω

)
= detΞ · det

(
I2 + ( ω

ωW )Ξ−1
(
χhq + z1, −ν1W

))
by the matrix determinant lemma. With ξ1 := ωΞ−11, ξ2 := ωΞ−11W ,
ξ3 := ωWΞ−11, ξ4 := ωWΞ−11W the coefficient of z gives

ΠDB = detΞ ·
(
ξ1(1− νξ4) + νξ2ξ3

)
.

Σq is the matrix of the permutation k 7→ k − q mod p, a single p-cycle since
gcd(p, q) = 1, with weight t−p on each step that passes from 0 to p−1; along
the full cycle the walk descends pq, so the weights multiply to t−pq. As Σq

has zero diagonal (0 < q < p), only the identity and the full cycle contribute
to det(Du − Σq), and detΞ = (−1)p(ur − t−pq) 6= 0.
A3 (first returns). Put Y := D−1

u = I + (y − 1)JW and Γ := Y Σq. Then
Ξ = −Du(I−Γ), so I−Γ is invertible and Ξ−1 = −RY with R := (I−Γ)−1.
Let ΓC := (I − JW )Γ = (I − JW )Σq; a walk of p steps meets W , so Γ pC = 0

and Z := (I − ΓC)
−1 =

∑
k<p Γ

k
C . From R(I − ΓC − JWΓ) = I we get

R = Z +RJWΓZ. Put E := JWΓZ and F := JWEJW , an endomorphism
of the coordinate space Q(t, u)W , and F0 := JWΣqZJW ; then F = yF0 with
F0 independent of u. By A5, F r

0 = t−pqIW , so (IW −F )
∑

k<r y
kF k

0 = (1−
yrt−pq)IW and Ψ := (IW − F )−1 exists; FΨ = ΨF = Ψ − IW . Multiplying
R = Z + RJWΓZ by JW on the right gives αRJW = αZJW Ψ, hence for
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every row α and column x

αRx = αZx+ αZJW ΨEx.

Since the rows of ΓC lie outside W , ωWZ = ωW . Since ωΣq = t−qω and
ωWΣq = y−1ωWΓ, the relation Z = I + ΓCZ gives τ ωZ = ω − y−1ωWE,
hence η := ωZJW = (ωW − y−1ωWF )/τ .
A4 (four scalars). Put κ := ωWΨ1W , E := ωWΨE1, µ := (Θ+(y−1)κ)/τ
and ȳ := 1 − u. Using Y 1W = y1W , Y 1 = 1 + (y − 1)1W , ω1 = Π,
ωW1W = Θ, E1W = F1W and A3:

ξ4 = −y ωW (IW +ΨF )1W = −yκ,

ξ2 = −y ηΨ1W = −
(
yκ− ωWFΨ1W

)
/τ = −µ,

ξ3 = −
(
yΘ+ E + (y − 1)ωWΨF1W

)
= −τµ− E,

ξ1 = −
(Π− y−1ωWE1

τ
+ (y − 1) ηΨ1W + ηΨE1

)
= −Π

τ
− ȳ µ− ȳ E

τ
,

where we used ωWΨF1W = κ−Θ, (y − 1)ηΨ1W = ȳµ and ηΨE1 = (ȳE +
y−1ωWE1)/τ . Since ȳ y = y − 1, we have 1− νξ4 = τµ/Θ, and

ξ1(1− νξ4) + νξ2ξ3 =
τµ

Θ

(
− Π

τ
− ȳµ− ȳE

τ

)
+

ȳ

Θ
µ (τµ+ E) = −Πµ

Θ
.

With A2: ΘDB = − detΞ · µ = (−1)p+1(ur − t−pq)µ.
A5 (walks). For b ∈ W consider the walk b, b− q, b− 2q, . . . read modulo
p, and let ℓk(b) be the number of steps after which it is in W for the k-th
time after the start (ℓ0(b) = 0). If the first return takes ℓ = ℓ1(b) steps
and passes π times from 0 to p − 1, it ends at b′ := b − qℓ + pπ ∈ W , and
F0eb = t−pπeb′ ; so ωWF0eb = t b−qℓ, and by iteration

ϑk := ωWF k
0 1W =

∑
b∈W

t b−q ℓk(b).

The walk is a single p-cycle meeting W in r points, so ℓk+r(b) = ℓk(b) + p,
after which the walk is back at b having passed q times from 0 to p − 1;
hence F r

0 = t−pqIW and ϑk+r = t−pqϑk. In Q(t)((y)), Ψ =
∑

k≥0 y
kF k

0 , so
κ =

∑
k≥0 y

kϑk with ϑ0 = Θ, hence τµ =
∑

k≥1 y
k(ϑk−1 − ϑk) and, by the

periodicity,

τ (ur−t−pq)µ = ur
r∑

k=1

yk(ϑk−1−ϑk) =

r−1∑
m=0

um (ϑj−ϑj+1), j = r−1−m.

A6 (identification with the orbit sum). Let Oj :=
∑p−1

v=0 t
v−pwj(v).

Read the orbit v, v + q, . . . as integers xn = v + nq, so that wj(v) = bxn/pc
with n the step of the (j+1)-st entry into W (Section 1); such a step exists
because the orbit is periodic and meets W . If this entry is at the point
b = xn − pbxn/pc ∈ W , then v − pwj(v) = b− qn. Reversing the orbit, v is
reached from b by n steps of the downward walk of A5, and the downward
walk meets W exactly j times in steps 1, . . . , n; that is, ℓj(b) ≤ n < ℓj+1(b).
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Conversely, for b ∈ W and ℓj(b) ≤ n < ℓj+1(b), the point v := (b−nq) mod p
has its (j + 1)-st entry into W at step n, at b. So v 7→ (b, n) is a bijection
between {0, . . . , p− 1} and these pairs, and

Oj =
∑
b∈W

ℓj+1(b)−1∑
n=ℓj(b)

t b−qn =
∑
b∈W

t b−qℓj(b) − t b−qℓj+1(b)

1− t−q
=

ϑj − ϑj+1

τ
.

A7 (assembly). detM = (−t)q(p−1) = (−1)p+1tq(p−1) (for p even, q is
odd). Hence, by A4, A5 and A6,

Θ
∑
m

γmu
m = ΘdetM ·DB = tq(p−1)(ur− t−pq)µ = tq(p−1)

r−1∑
m=0

umOr−1−m,

which is the formula of Theorem 10. Its exponents are ≡ q(p−1)+v (mod p)
and therefore pairwise distinct, so nothing cancels and the highest exponent
is q(p− 1) + maxv(v − pwj(v)) = dm + r − 1. □

Tool use

This work was prepared with substantial use of Claude Code (Anthropic),
an agentic AI system based on large language models, working together with
the author.

• Mathematics. The question is the one left open in Remark 9 of
our earlier paper [St26]; it was taken up again in a survey of proof
targets carried out with Claude Code in September 2026. The proof,
including Appendix A, was worked out by Claude Code under the
author’s direction.

• Writing and typesetting. The text and the LATEX source were written
by Claude Code, in English. The note contains no figures.

• References. Literature was searched with Claude Code, including
searches for prior work on the days of deposit. Quotations, defini-
tions, theorem numbers and page references from [PA25], [AP26],
[KMP25], [St26], [Bry26] and [Bir74] were checked against those
texts (the arXiv versions named in the bibliography, the journal ver-
sion of [AP26], the deposited file of [St26], and photographs of the
pages of [Bir74]); bibliographic data were checked against Crossref,
the Zenodo record of [St26], or the sources themselves.

• Code. The checks of Section 4 and of Remark 4 were written and run
by Claude Code, in Python (with sympy and numpy), in SageMath,
and for knot Floer homology with SnapPy and Z. Szabó’s program
as packaged for it. The deposited scripts, at https://doi.org/10.
5281/zenodo.23155383, are English versions of the working scripts,
prepared by Claude Code; the README of the deposit lists the ex-
act software versions and states which data files were not regenerated
for the deposit.

https://doi.org/10.5281/zenodo.23155383
https://doi.org/10.5281/zenodo.23155383
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• Checking. Drafts of the note were read four times by separate in-
stances of Claude Code: twice in full, once only a new proof para-
graph and once only the appendix. Their findings were checked and
incorporated where they held. The proofs and the numbers were
then checked once more in a fresh session against the sources. The
remark added in version 5 was read once more in the same way.

The author takes full responsibility for all contents.
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